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Uniform Rotation of Rigid Bodies and the Theory of
Relativity

By P. Ehrenfest

Translated from the German

[918]In attempting to generalize the kinematics of relatively rigid bodies from uniform
rectilinear translation to arbitrary motions, one arrives, following Minkowski’s ideas,
at the following assumption:

A body behaves relatively rigidly means: in an arbitrary motion it deforms continu-
ously in such a way that each of its infinitesimal elements, at every moment, exhibits for
an observer at rest exactly that Lorentz contraction (relative to the state of rest) which
corresponds to the instantaneous velocity of the center of the element.

When, some time ago, I tried to picture to myself the consequences of this as-
sumption, I came upon conclusions that seem to show that the above assumption leads
to contradictions already for some very simple types of motion.

Now Mr. Born, in a recently published paper,1 has given a definition of relative
rigidity that covers all motions whatever. Mr. Born has based this definition—in
keeping with the fundamental idea of the theory of relativity—not on the system of
measurement of an observer at rest, but on the (Minkowskian) metric determinations,
so to speak, of a continuum of infinitesimal observers who travel along with the points
of the nonuniformly moving body: to each of them, in his own measure, his infinitesimal
neighborhood is to appear permanently undeformed.

Both definitions of relative rigidity are, however—if I have understood correctly—
equivalent.—I may therefore be permitted to point out briefly the simplest type
of motion for which the first-mentioned definition already leads to contradictions:
uniform rotation about a fixed axis.

Indeed: let there be given a relatively rigid cylinder of radius 𝑅 and height 𝐻 .
Let it gradually be set into a rotational motion about its axis that in the end remains
constant. Let 𝑅′ be the radius that it exhibits in this motion for an observer at rest.
Then 𝑅′ would have to satisfy two mutually contradictory requirements:

1M. Born, Die Theorie des starren Elektrons in der Kinematik des Relativitäts-Prinzipes. Ann. d.
Phys. 30, 1, 1909. Cf. also this journal 10, 814, 1909.
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a) The periphery of the cylinder must show a contraction relative to the state of
rest:

2𝜋𝑅′ < 2𝜋𝑅,

for each element of the periphery moves in its own direction with the instantaneous
velocity 𝑅′𝜔.

b) If one considers any element of a radius, its instantaneous velocity is normal to
its extension; hence the elements of a radius cannot exhibit any contraction whatever
relative to the state of rest. It would have to be the case that:

𝑅′ = 𝑅.

Remark: If one wants the deformation of each element to depend not only on the
instantaneous velocity of the center of the element but also on the instantaneous
velocity of rotation of the element, then the deformation function must contain,
besides the velocity of light 𝑐, a further universal dimensional constant, or else
accelerations of the center of the element must also enter into it.
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