Practice Problems: Predicate Logic

A. Proofs
1. Fa + Vz((a =2) = Fx)
1 (1) Fa A
2 (2) a=b A
12 (3) Fb 1,2 =E
1 4 a=b—Fb 2,3 CP
1 (5 Vax(a=z— Fx) 4 Ul
2. b VaVy((Fx A—Fy) =z #y)
1 (1) FaA-Fb A
2 (2) a=b A
1 (3) Fa 1 AE
1 (4) —Fb 1 AE
1,2 (5) Fb 3.2 =E
12 (6) FbA-Fb 5.4 Al
1 (7)) a#b 2,6 RA
o (8) (Fan-Fb)—a#b 1,7 CP
g (9 VYy(FaN-Fy)—a#vy) 8 Ul
o (10) VaVy((Fz A-Fy) — x #y) 9 UI

3. Ve(Fx — Jy(Gy A (y =x)) F Ve(Fz — Go)

1 (1) Va(Fr— Jy(GyA (y=x))) A

2 (2) Fa A

1 (3) Fa—3Jy(GyA(y=a)) 1 UE
12 (4) Fy(GyA(y=a)) 3,2 MP

5 (5B) GbA(b=a) A

5 (6) Gb 5 AE

5 (7)) b=a 5 NE

5 (8) Ga 6,7 =E
12 (9 Ga 458 EE

1 (10) Fa— Ga 29 CP

1 (11) Vz(Fr — Gz) 10 UI

4. Yy(Ray — y =1b) F Jy(Ray N Gy) — Gb

5. VaVyVz(Rxy — —Ryz) F Jy¥Vz—Razy

First strategy: Assume the negation of the conclusion for RA and use QN. Notice
that we use multi-UE, which is shorthand for UE applied multiple times.



1 (1) VaVyVz(Rry — —Ryz) A

2 (2) —3yVaz-Rxy A

2 (3) Vy-Va-Rxy 2 QN

2 (4 ~Vz-Raxb 3 UE

2 (b)) dz——Raxb 4 QN

6 (6) —-—Rab A

6 (7) Rab 6 DN

1 (8 Rab— —Rbc 1 UE
1,6 (9) —Rbe 8,7 MP
1,2 (10) —Rbe 56,9 EE
1,2 (11) Va—=Rzc 10 UI
1,2 (12) dyVz—-Rzxy 11 EI
1,2 (13) JyVz—Rxy A -JyVz—-Rzy 12,2 NI

1 (14) —-—3yVYz—Rzxy 2,13 RA

1 (15) dyVaz—-Rzxy 14 DN

Second strategy: Either there is a pair of elements with an arrow between them
or not. In the first case, there cannot be an arrow into the first element. In the
second case, pick anything in the domain, and there is no arrow into it. In either
case, there is something that has no arrow into it.

1 (1) VaVyVz(Rry — —Ryz) A
@ (2) 3JyIzRzryV -JydrRxy prop taut
3  (3) JydxRxy A
4 (4) FzRxb A
5 (5) Rab A
6 (6) Rca A
1 (7)) VYyVz(Rey — —Ryz) 1 UE
1 (8) Vz(Rca — —Raz) 7 UE
1 (9 Rca— —Rab 8 UE
5 (10) -—Rab 5 DN
1,5 (11) =Rca 9,10 MT
1,5 (12) Vz-Rza 11 UI
1,5 (13) dyVz—-Rzxy 12 EI
14 (14) dyVz—-Rzxy 4,513 EE
1,3 (15) JyVz—-Rzxy 3,4,14 EE
16 (16) —3Jy3zRxy A
16 (17) VYy—-3zRxy 16 QN
16 (18) —3xRza 17 UE
16  (19) Vz—Rzxa 18 QN
16 (20) 3JyVz—Razy 19 EI
1 (21) dJyVaz—Rzxy 2,3,15,16,20 VE

6. VeFx +» —JzyRey + JaVyVz(Fr — —Ryz)



First strategy: Either VxFx or dx—Fx.

In the former case, the premise gives

—drdyRry, and QN gives VyVz—Ryz. In the latter case, Fa — —Rbc by negative
paradox.

7. F VadyVz(FuTxyu — FvTxzv)

We show how to derive the instance JyVz(3uTayu — FvTazv). Up to a-equivalence,
the embedded conditional is of the form ¢(y) — ¢(z). So it’s enough to prove that

FyVz(e(y) — ¢(2)).

Vy(Fz — Fy).

We have seen this before:

it’s a substitution instance of

8. Show that the sentence Yx3yVz(Rzy A - Ryz) is inconsistent.

—_

Tt W Ot W Ot —m W+~

[\]

= o S 0 RN NN NN N

VaIyVz(Rxy A - Ryz)
JyVz(Ray N ~Ryz)
Vz(Rab N —Rbz)
JyVz(Rby A “Ryz)
Vz(Rbc A = Rcz)
Rab AN = Rbc

Rbe N —Red

- Rbc

Rbc

Rbc N —Rbc

P A-P

PAN—-P

PAN—-P

JrIy(Fx < —Fy)
—Jy(Fa < —Fy)
Vy—(Fa <> = Fy)
ﬂ(Fa <~ —|Fb)

Fa < Fb

Vz(Fa <> Fz)
Fc+ —Fd

Fa < Fe

Fa < Fd
PA-P
—=3Jy(Fa < —Fy)
Jy(Fa < —Fy)
Jy(Fa < —Fy)
Vady(Fx <> —Fy)

10. Jz3y(Fz <> —Fy) b Ja3y(Fx A ~Fy)

A

1 UE

A

1 UE

A

3 UE

5 UE

6 NE

7 AE

9,8 NI

10 prop taut
45,11 EE
2,3,12 EE

A

A

2 QN

3 UE

4 prop taut
5 Ul

A

6 UE

6 UE

7,8,9 prop taut
2,10 RA

11 DN
1,7,12 EE
13 UI
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Jrdy(Fx < —Fy) A

Fa < —Fb A
(FaN—Fb)V (FbA—-Fa) 2 prop taut
Fa N—-Fb A

Jx3y(Fx A —-Fy) 4 EI
FbA—-Fa A

JzIy(Fx A —-Fy) 6 EI
JxIy(Fx A —-Fy) 3,4,5,6,7 VE
JxJy(Fx A -Fy) 1,2,9 EE



