Existential Introduction & Elimination

PHI 201 — Introductory Logic

October 27, 2025
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Overview

@ Review of universal quantifier rules
@ New rules for the existential quantifier:

e Existential Introduction (EI)
o Existential Elimination (EE)

@ Practice proofs involving 4 and V
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Existential Introduction

From a particular instance F'a, we may infer that something
is F':
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1 (1) Fa— Ga A

1 (2) dz(Fz— Gx) 1 El
1 (1) Fa— Ga A
1 (2) Jdz(Fzr— Ga) 1 El

Unlike Ul, EI permits replacement of some (but not all)
occurences of a name a.
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To show: —dxFx + Va—Fx
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To show: =VaFz + Jz(Fx — P)
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To show =dxFx + Vax(Fx — P)
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Existential elimination
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ldea

What can be derived from Jzp(z)7?

Pick an arbitrary name a. If a general claim v can be derived
from an instance (a), without making any additional
assumptions about a, then ) follows from Jxp(x).
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Existential Elimination
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Existential Elimination

@ Restriction: The name a must not occur in any
dependencies of the existential premise, or of the derived
conclusion, except for the instance ¢(a) itself.

@ Dependencies are the union of the dependencies of the
existential sentence and those of the derived conclusion,
minus dependency on the instance.
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Example
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Reasoning with multiple -
To show: dxdyRxy + JydxRxy

1 (1) JxdyRxy A

2 (2) JyRay A

3 (3) Rab A

3 (4) dzrRaxb 3 El

3 (5) JdyIxRzy 4 El

2 (6) Jy3xRzy 2,35 EE
1 (7) JydzRzxy 1,2,6 EE
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Reasoning with V and J

1 (1) Vz(Fzr— Gz) A

2 (2) dxFx A

3 (3) Fa A

1 (4) Fa— Ga 1 UE
1,3 (5) Ga 4.3 MP
1,3 (6) JxGzx 5 El
1,2 (7) dzGx 2,3,6 EE
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Reasoning with V and J

1 (1) FyVzRxy A

2 (2) VxRxb A

2 (3) Rab 2 UE

2 (4) JyRay 3 El

2 (5) VadyRzxy 4 Ul

1 (6) VadyRxy 1,2,5 EE
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Preventing invalid inferences

1 (1) dzFx A

2 (2) dzGx A

3 (3) Fa A

4 (4) Ga A
34 (5) FaAGa 3,4 Al
34 (6) dx(Fx A Gx) 5 El

EE cannot be applied to 1,3,6 because 6 depends on 4, which contains a.
EE cannot be applied to 1,4,6 because 6 depends on 3, which contains a.
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Preventing invalid inferences

1 (1) Vz3dyRzxy A
1 (2) JyRay 1 UE
3 (3) Rab A
3 (4) VzRxb Error!

Ul cannot be applied to 3 because it depends on 3, which
contains a.
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Quantifier order matters

Vady o(z,y) follows from JyVax o(z,y).
But not vice versa.
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Quantifier negation equivalences

—dx F'x is equivalent to Vx—F'z
—VaxF'x is equivalent to dz—F'x

“Equivalent” means mutually derivable
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To show: Vao—Fx + —dxzFx

1 (1) Va—Fx A

2 (2) dzFx A

3 (3) Fa A

1 (4) —Fa 1 UE
1,3 (5) FaAN—-Fa 3.4 Al
1,3 (6) —3JxFx 2,5 RA
1,2 (7) —3JaFx 2.3,6 EE
1,2 (8) dzxFx AN—JzxFx 2,7 Al

1 (9) —3zFz 2,8 RA
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Non-constructive existence proofs

How to derive dz(Fx — P) from VxFx — P7?

Not possible to derive F'a — P from Vo Fx — P.
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