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Chapter 2

Exercise 2.1
1. Derive Q AN P from PN Q.

(1) PANQ A

2) P 1 ANE
3) @ 1 NE
(4) QAP 3,2 N1



2. Derive PN (Q A R) from (P ANQ)AR.

(1) (PANQ)AR A

(2) PAQ 1 ANE
(3) R 1 ANE
(4) P 2 ANE
(5) @ 2 NE
(6) QAR 5,3 N1
(7) PAN(QAR) 4,6 N1

Exercise 2.2

1. PAQ F QVR
(1) PAQ A

2) Q 1 AE
3) QVR 2 VI

2. PNQ F (PVR)AN(QV R)

(1) PAQ A

(2) P 1 ANE
3) @ 1 NE
(4) PVR 2 VI
(5) QVR 3 VI
(6) (PVR)A(QVR) 4,5 NI

3. P+ QV(PVQ)

(1) P A
2) PVQ 1 VI
3) QV(PVQ) 2 VI

4. P+ (PVR)A(PVQ)

(1) P A

(2) PVR 1 vI
(3) PVQ 1 vI
(4 (PVRIAN(PVQ) 2,3 NI



Exercise 2.3

. P Q@Q—R),P—-Q,PFR
(1) P>(Q@—R) A

(2) P—>Q A

(3) P A

4) Q— 1,3 MP
(5) Q 2,3 MP
(6) R 4,5 MP

(AVB) =T, Z—-A T->W, Z+ W

(1) (AvB)—=T A

(2) Z—A A

3) T'-W A

4) Z A

(5) A 2,4 MP
(6) AV B 5 VI
(1) T 1,6 MP
8) W 3,7 MP

3. (A=B)AN(C—A), ( CANW—=Z

~—

JAW F (BVD)AN(ZVE)

(1) (A=B)AC—A) A

(2) (CAW—=2Z)AW A

(3) A> B 1 ANE

4) C—A 1 ANE

(5) CAN(W = Z) 2 ANFE

6) W 2 NE

(7)) C 5 NE

(8) W—Z 5 ANE

9) A 4,7 MP

(10) B 3,9 MP

(11) BV D 10 VI

(12) Z 8,6 MP

(13) ZVE 12 VI

(14) (BVD)AN(ZVE) 11,13 AT
4. P—»(P—-Q), P+ Q

(1) P=>(P—Q) A

(2) P A

(3) P—Q 1,2 MP

4) Q 3,2 MP



(1) PAN(P—Q) A

(2) P 1 ANE
(3) P—=Q 1 ANE
4) Q 3,2 MP
(5) PAQ 2,4 N1

Exercise 2.4

Prove @ - (P —+ R), " RANQ + —P.

1) Q—=(P—R) A
(2) ~RAQ A
3) @ 2 NE
(4) -R 2 NE
(5) P—R 1,3 MP
(6) —P 5,4 MT

Exercise 2.5

L. PA(QAR)4I-(PAQ)AR

(=)
(1) PAN(QAR) A
(2) P 1 ANE
(3) QAR 1 ANE
4) Q 3ANE
(5) R 3ANE
6) PAQ 2,4 N1
(1) (PANQ)AR 6,5 NI
(<)
(1) (PANQ)AR A
(2) PAQ 1 ANE
(3) R 1 ANE
(4) P 2 ANE
(5) @ 2 NE
(6) QAR 5,3 N1
(7) PAN(QAR) 4,6 N1

2. PA4PAP



(1) P A
(2) PAP 1,1 NI

(1) PAP A
(2) P 1 ANE

Exercise 2.6

1. «(-R— H)

2. -E — S (equivalently: E'V S)
3. "PA=S

4. A— (HV B)

5. KA ((MAF)V=F)

6. —(H A D)

Exercise 2.7

1. —\—\Q—>P, -P —\Q

(1) —|—|Q—>P A

(2) —-P A

(3) ===Q 1,2 MT
(4) -Q 3 DN

(1)

2) P A

3) P—Q 1,2 MP

4) Q 3,2 MP
3. (PAP)=Q, P+ Q



4. P+ QV(-—PVR)

(1) P A

(2) —=P 1 DN
(3) ——PVR 2 VI
(4) QV(-—PVR) 3 VI

Exercise 2.8

1.P>-Q, -PHQ

Counterexample (English instance): Let P be “It is raining.” Let ) be “242 = 5.” Then
@ is false, so =@ is true; hence P — —() is true. Also =P can be true (suppose it isn’t
raining). But @ is false.

2. P> RY (PVQ)— R

Counterexample (English instance): Let P be “I am on Mars.” (false) Let @ be “I am on
Earth.” (true) Let R be “2+4 2 =5." (false) Then P — R is true (false antecedent), but
(PV Q) — R is false (true antecedent, false consequent).

Chapter 3

Exercise 3.1
. PFQ—(PAQ)

1 (1) P A
2 (2) Q A

12 (3) PAQ 1,2 Al
1 1) Q—(PAQ) 2,3 CP

2. P-QAN(P—-R FP = (QAR)

1 (1) (P—=QA(P—R) A

2 (2) P A

1 3 P—=Q 1 AE

1 4 P—R 1 AE
L2 (B) Q@ 3,2 MP
1,2 (6) R 4.2 MP
1,2 (7)) QAR 5,6 AI

1 8 P—=(QAR) 2,7 CP

3. P>(Q@—RFQ—(P—R)



3,1 MP
4,2 MP
3,5 CP
2,6 CP

1,3 MP
2.4 MP
3,5 CP
2,6 CP

1,2 MP
3,2 MP
2.4 CP

2 AE
2 AE
1,3 MP
5.4 MP
2,6 CP

2 VI
1,3 MP
2.4 CP



8. = PF-(PAQ)

1
2
2

1

(1) —-P

(2)  PAQ

(3) P

4) (PAQ)—P
(5)  ~(PAQ)

9. =(PVQ)F-PA-Q

—~
—_
=)

~—

~(PVQ)
P

PVvQ

P— (PVQ)
-P

Q

PVvQ
Q—(PVQ)
—Q
-P A =@

AAA/_\AA,_\,_\/_\
© 00 IO Ui W N =
N AN AN AN NN N

10. P —= =Pk =P

(1)

2 (2
12 (3)
1 (4

L (5

N )
(7)

2 (8)
29

P —-P

-P

(P — —|P) — =P
ﬁ_\P

—|(P — —|P)

P — =(P — —P)
-P

Exercise 3.2
1. F(PAQ)—= (QAP)

® —_ =
NN TN TN TN
U W N =
N’ S S S N

PAQ
P

Q

OAP
(PAQ) = (QAP)

2 AE
2.3 CP
4,1 MT

2 VI
2,3 CP
4,1 MT

6 VI
6,7 CP
8,1 MT
5,9 Al

2,1 MP
2,3 CP
1 DN

45 MT
1,6 CP
2 DN

7,8 MT

1 AE
1 AE
3,2 Al
1,4 CP



N
T
O
1
M

s
<

AN AN AN AN AN N N

Q= o~
NN TN TN
I N

IR
NN TN TN
IOV

|

0 ~J O O = Wi~
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(EM)

—|(P\/—|P>

P

PV —-P

P — (PV~-P)

-P

PV =P

—(PV~—-P)— (PV~-P)
PV -P

Exercise 3.4

. P=QF =(PA-Q)

—_

NN NN NN

P—Q
PA-Q
P

Q

~Q
QA-Q

(1
(2
(3
(4
(5
(6
(1) ~(PA=Q)

S N N e e N

~(PAQ) F =PV —Q

10

A
1 AE
1,2 CP
A
A
2,1 CP
1,3 CP
A
A
2,2 CP
1,3 CP

A

A

2 VI

2,3 CP

4,1 MT

5 VI

1,6 CP

7 (Ex. 3.1.10, Q := PV —P)

2 AE
1,3 MP
2 AE

4,5 AT
2,6 RA



1 (1) ~(PAQ) A
2 (2) ~(~PV-Q) A
3 (3 ~-P A
3 (4 -—-PVvV-Q 3 VI
23 (5) (APV=Q)A=(-PV-Q) 42Al
2 (6) --P 3,5 RA
2 (1) P 6 DN
8 (8) —@Q A
8 (99 -—-PVvV-Q 8 VI
28 (10) (=PV-Q)A—-(-PV-=Q) 92AI
2 (11) —-=Q 8,10 RA
2 (12) @ 11 DN
2 (13) PAQ 7,12 AL
1,2 (14) (PAQ)A—=(PAQ) 13,1 NI
1 (15) —-—=(=PV=Q) 2,14 RA
1 (16) —~PV-Q 15 DN

3. =«(P>Q)F PA-Q

1 1) ~(P—=Q) A

2 (2) -P A

3 (3) -Q A

4 (4 P A
24 (5) PA-P 2.4 Al
24 (6) ——Q 3,5 RA
24 (1) @ 6 DN

2 8) P—=Q 47 CP
1.2 (9) (P= Q) A~(P— Q) 8,1 Al

1 (10) ==P 2,9 RA

1 (11) P 10 DN
12 (12) Q@ A
12 (13) P—Q 412 CP

1,12 (14) (P—= Q) A=(P— Q) 13,1 A
1 (15) =Q 12,14 RA
1 (16) PA-Q 11,15 Al

11
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(P=Q)V(Q—P)

OO v J

— P
— Q) V(Q—P)
= QV(Q@—=P)A=((P=Q)VI(Q— P))

v,

(
((
-P

—Q

PA-P

—Q

Q

P—qQ

(P=Q)V(Q—P)
(P=Q)V(@—=>P)A=((P=Q)V(Q—P))
(P = Q) V(Q— P))

(P—=Q)Vv(Q—P)

0

F(P—Q)V(P—R)

P—(QVR)
(P = Q) V(P — R))
-P

P—qQ

(P—>Q)V(P—R)
(P=Q)V(P—=R)A-(P—Q)V(P—R))
_|_|P

P

QVR

Q

P—qQ

(P—=Q)V(P—R)

R

P—R

(P—>Q)V(P—R)

(P—=Q)V(P—R)
(P=Q)V(P—=R)A((P—Q)V(P—R))
(P = Q) V(P — R))

(P—=Q)V(P—R)

12

3,2 CP
4 VI

5,1 Al
2,6 RA

2,7 Al
8,9 RA
10 DN
2,11 CP
12 VI
13,1 AI
1,14 RA
15 DN

7 DN
4,8 CP
9 VI
10,2 AI
3,11 RA
12 DN
1,13 MP
A

4,15 CP
16 VI
A

4,18 CP
19 VI

14,15,17,18,20 VE

21,2 Al
2,22 RA
23 DN



6. (PANQ)——QF P——Q
1 (1) (PAQ)——Q A
2 (2) P A
303 @ A
23 (4) PAQ 2.3 Al
1,23 (5) -Q 1,4 MP
1,23  (6) QA-Q 3,5 Al
1,2 (1) =Q 3,6 RA
1 (8 P—-Q 2,7 CP
Chapter 6

Exercise 6.1

1. No logicians are celebrities. (Lz,Cx)

Vo (Lx — =Cx)

Equivalently: —3x(Lx A Cz)

2. Some celebrities are not logicians. (Lx,Cx)

dz (Cx N —Lx)

3. Only students who do the homework will learn logic. (Sz, Hz, Lx)
Either

Vo (Lr — (Sz A Hz))
or (inequivalently)
Vo ((Sz A Lx) — Hz)

depending on whether one intends to restrict the claim to students.

4. All rich logicians are computer scientists. (Rz, Lz, Cx)

Vo ((Rx A Lx) — Cx)

5. All students and professors get a discount. (Sx, Pz, Dx)

Vx ((Sz VvV Px) — Dx)

13



10.

11.

. No logician is rich, unless she is a computer scientist. (Lz, Rz, Cx)

Va ((Lx A Rx) — Cx)

Equivalent form: Vz((Lx A -Cx) — —Rx)

Not all logicians are computer scientists. (Lx,Cx)
=Yz (Lz — Cx)

Often put as: 3z (Lx A -Cx).

. Some logicians are rich computer scientists. (Lz, Rz, Cz)

Jz (Lx A (Rz A Cx))

. If there are rich logicians, then some logicians are computer scientists. (Rx, Lz, Cz)

Jz (Rx A Lz) — Jy (Ly A Cy)
No pets except service animals are permitted in dorms. (Pz, Sz, D)
Can be read in a minimal way as:

Vz ((Pxz A Dx) — Sx),

which says only that no non—service pets are allowed in dorms. However, ordinary policy
language is typically understood more strongly: among pets, being permitted in the dorms
and being a service animal coincide. That reading is captured by:

Vz (Px — (Dz <> Sx)).
This biconditional formalization is therefore closer to the intended rule.
If anyone is rich, then Mary is. (Rx,m)

(3z Rz) — Rm

Exercise 6.2

1.

2.

Mary loves everyone who loves her. (m, Lxy)

Va (Lxm — Lmz)

Mary loves all and only those people who don’t love themselves. (Lzy,m)

Va (Lmx <> —Lzx)

14



3. Everyone loves their mother. (Lzy, Mxy)
VaVy (Myxz — Lxy)

4. Some people love only those people who love their mother. (Lzy, Mzy)
J2Vy(Lay — Vz(Mzy — Lyz))

5. Snape killed someone. (Kzy, s)
Jx Ksx

6. Snape is a killer. (Kzy,s)
Jx Ksx

7. Someone was killed by Snape. (Kzy, s)
dr Ksx

8. Some wizards only marry other wizards. (Wz, Mxy)

Jx(Wa AVy (Mzy — Wy))

9. There is no greatest number. (Nz, = < y)

Ve(Nz — Jy (Ny Az <y))

10. ¢ is the least upper bound of a and b. (a,b,c, = < y)

(a<cAb<c) NVz(la<zAb<z)—c<x)

11. ¢ is the greatest common divisor of a and b. (a,b,c, Dxy, © < y)

(Dca A\ Dcb) A Va((Dza A Dxb) — x < ¢)

Exercise 6.8

1. —3z(Fz AGz) F Ve(Fxr — -Gx)
1 (1) —3z(FzAGx) A
2 (2) Fa A
3 (3) Ga A
23 (4) FaAGa 2,3 Al
23 (5) Fz(FzAGx) 4 EI
1,23 (6) Fx(FeAGx)A—-Fz(FzAGz) 5,1 Al
1,2 (7)) —Ga 3,6 RA
1 (8) Fa— —Ga 2,7 CP
1 (9 Va(Fz— -Gx) 8 UI

15



6.

VeFr = JxFx
(1)
1 (2
1 (3)

Ve Fux
Fa
dxFx

Ve(Fx — Gz),Fa + J2Gx

1 (1)
2 (2
3 (3)
3 (4)
23  (5)
2 (6)
2 (7
2 (8)
1,2 (9)
1 (10)
1 (11)
—JdxFz F Va(
1 (1
2 (2
3 (3)
2 (4
1,2  (5)
1,2 (6)
1,2 (7)
1 (8
1 (9

Fx

Va(Fr — Gx)
Fa

Fa — Ga

Ga

JdeGx

-Fa
Fa— P
Jx(Fx — P)

— P)

—VaFz
—3Jx(Fz — P)
Fa— P
Jz(Fz — P)

Jx(Fx — P) A —~Ja(Fx — P)

—(Fa — P)

Fa

Ve Fx

VeFx A —-VzFx
——3Jx(Fz — P)
Jz(Fx — P)

— Gx)

—dzF'x

Fa

-Ga

deFx

deFx A —JxFzx
-—=Ga

Ga

Fa — Ga
Ve(Fr — Gx)

16

1 UE
2 EI

1 UE
3.2 MP
4 EI

A
1 negative paradox
2 EI

A
A
A
3 EI
4,2 NI
3,5 RA
6 material conditional
7 Ul
8,1 Al
2,9 RA
10 DN

A

A

A

2 ElI

4,1 NI

3,5 RA

6 DN

2,7 CP

8 Ul



7. VaVyRxy - dxRxx

—_ = = =

8 P —Fat P— dzFx

1

2
1,2
1,2

?

1

P — Fa
P

Fa

dxFx

P — dzFx

9. dzFx— P F Va(Fzx — P)

=N NN

There is a typo here in the book: the direction Vz(Fz — P) + JzFz — P cannot be

deFx — P
Fa

drFx

P

Fa— P
Vz(Fx — P)

1 UE
2 UE
3 EI

1,2 MP
3 EI
2.4 CP

A

A

2 I
1,3 MP
2.4 CP
5 Ul

proven without EE, which is only introduced in the next section.

10. —-3zFz + Ve(Fz — P)

[—
—_— = =N NN

(
(1)
(2)
(3)
(4)
()
(6)
(7)

)
6
7

—JdrFzx

Fa

deF'x

deFx A —JxFzx
-Fa

Fa— P
Va(Fz — P)

11. —-3z(Fz — P) F VaFx A =P

A

A

2 EI

3,1 AL

2,4 RA

5 neg paradox
6 Ul



1 (1) —3z(Fz— P) A
2 (2) Fa—P A
2 (3) Jz(Fzx— P) 2 EI
12 (4 FJz(Fx— P)AN—-Jz(Fx — P) 3,1 Al
1 (5) —(Fa— P) 24 RA
1 (6) FaAN-P 5 material conditional
1 (7) -P 6 NE
1 (8 Fa 6 NE
1 (9) VaFx 8 Ul
1 (10) VaxFx A-P 9,7 Al

12. VzFx — P + Jx(Fz — P)

1 (1) VaFx—P A
2 (2) —Fz(Fz—P) A
3 (38) —Fa A
3 (4 Fa—P 3 neg paradox
3 (b)) Jz(Fxr—P) 4 EI
23 (6) Jz(Fx— P)A-Jz(Fx — P) 52 Nl
2 (1) —-—Fa 3,6 RA
2 (8) Fa 7 DN
2 (9 VaFx 8 UI
1,2 (10) P 1,9 MP
1,2 (11) Fb— P 10 pos paradox
1,2 (12) 3a(Fz— P) 11 EI
1,2 (13) Zz(Fx — P)A-Jz(Fx — P) 12,2 Al
1 (14) -—3a(Fz— P) 2,13 RA
1 (15) 3Jz(Fz— P) 14 DN

Exercise 6.11
1. FzFzV IzGr + Jz(Fzx V Gx)

18



1 (1) 3FzFzVIzGzx A

2 (2) TaFx A

3 3) Fa A

3 (4 FaV(Ga 3 VI

3 (5) Jx(FzVGr) 4 EI

2 (6) dz(FzVGr) 23,5 EE
7 (7)) JzGx A

8 (8 Ga A

8 (9) FaVGa 8 VI

8 (10) dz(FzV Gx) 9 EI

7 (11) Fz(FzxV Gr) 78,10 EE
1 (12) 3Ja(FzVGz) 1,2,6,7,11 VE

2. Va(Fzr — Gz),~3zGz + —JzFx

1 (1) Vz(Fz— Gr) A

2 (2) —32Grx A

3 (3) daFz A

4 (4) Fa A

1 (5) Fa— Ga 1 UE
14 (6) Ga 5,4 MP
1,4 (7)) JzGzx 6 EI
L3  (8) JzGx 3,47 EE

1,23 (9) dxGx A—-JzGx 8,2 NI
1,2 (10) —3JzFz 3,9 RA
3. Va(Fzr — Gz) F Ja-Gx — Jx—Fx

1 (1) Va(Fz— Gr) A

2 (2) da-Gux A

3 (3) —Ga A

1 (4) Fa—Ga 1 UE
13 (5) —Fa 4,3 MT
1,3 (6) da-Fx 5 EI
1,2 (7)) da-Fx 2,3,6 EE

1 8) dz-Gr — Jz—Fx 2,7 CP

4. Ve(Fr - P) + JzFx — P

19



— N W~ W

—_ =

(1) Vz(Fz— P)
(2) xFx
(3)  Fa

(4) Fa— P
(b) P

6) P

(1) dxFz— P

5. PA3JxFz + Jx(P A Fx)

—_ =

— o R R ===

6. 3x(Fz— P

N
— W Ww N WD

(1) PATxFzx
(2) P

(3) daFx

(4)  Fa

(5) PAFa

(6) Jx(P A Fx)
(7)  FJz(P A Fx)

F VeFx — P

~—

(1)  Jz(Fz— P)
(2) VaFzx

(3) Fa—P

(4) Fa

(b) P

(6) VaFz—P
(7) VaxFz — P

Exercise 6.13

1. P— dzFz + Jz(P — Fux)

(1)
o (2
3 (3)
4 (4)
4 ()
4 (6)
3 (7)
8 (8)
18 (9)
1,8 (10
1,8 (11
1 (12

— — —

P — JzFx
deFxV —JxFx
dzFx

Fa

P — Fa
Jz(P — Fx)
Jz(P — Fx)
—JdrxFzx

-P

P — Fb
Jz(P — Fx)
Jz(P — Fx)

1 UE
4,3 MP
2,3,5 EE
2,6 CP

1 AE
1 AE

2.4 Al
5 EI
3,4,6 EE

2 UE
3.4 MP
2,5 CP
1,3,6 EE

A

prop taut
A

A

4 prop taut
5 El

3,4,6 EE

A

1,8 MT

9 prop taut
10 EI
2,3,7,8,11 VE

20



2. Jx(Fx— P) k- VYaFz — P

Jz(Fx — P)
Ve Fzx
Fa— P

Fa

P

P

VeFx — P

N WN WD

1
2
3
4
5
6
7

AN AN N N N N
N N N

Exercise 6.14

1. F Va(Fzx — Fx)

1 (1) Fa
g (2) Fa— Fa
g (3) Vaz(Fr— Fx)

2. bk VaFzxVdz—Fx

(1)  —Jz—-FzVIz-Fx
—Jdx—Fz

-Fa

dz—Fx

dz—Fax A —Jz—-Fx
-—Fa

Fa

VoFx

VeFxV dz—Fx
dz—Fx

VeFxV dx—Fx
VeFxV dx—Fx

[\
—_— N — N

[Er— s
VMoo mwNDNNwwWwww

A~ N N
N = O
~— — —

3. F V-

—

Fx A —Fx)

1 (1) FanN-Fa
g (2) ~(FaA-Fa)
g (3) Vr—(FzA-Fz)

4. + —Jz(Fz A—-Fx)

2 UE
3.4 MP
1,3,5 EE
2,6 CP

1,1 CP
2 Ul

1,1 RA
2 Ul
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prop taut
A

A

3 EI

42 NI
3,5 RA

6 DN

7 UI

8 VI

A

10 VI
1,2)9,10,11 VE



F JaVy(Fz — Fy)

22

1 (1) 3z(FxrA-Fux) A
2 (20 Fa~n-Fa A
2 (3) —Jx(FzA-Fux) 1,2 RA
1 (4) —3Jx(FxA-Fx) 1,2,3 EE
1 (b)) Fx(FxA-Fx)A-Jz(Fx AN-Fx) 1,3 Al
@ (6) —Jz(FxA-Fx) 1,5 RA
5. F Vaz3dy(Rry — Rxx)
1 (1) Raa A
@ (2) Raa — Raa 1,1 CP
g (3) 3Jy(Ray — Raa) 2 El
@ (4) Vzdy(Rry — Rzx) 3 Ul
6. F Vady(Rzry — Ryzx)
1 (1) Raa A
g (2) Raa — Raa 1,1 CP
@ (3) 3Fy(Ray — Rya) 2 El
@ (4) Vz3dy(Rry — Ryx) 3 Ul
- 3z (Fz — VyFy)
1 (1) —3Jx(Fz—VYyFy) A
2 (2) ~Fa A
2 (3) Fa—VyFy 2 prop taut
2 (4) Fz(Fz—VYyFy) 3 EI
1,2 (5) FJx(Fz—VYyFy)AN—-Jz(Fx — VyFy) 4,1 Al
1 (6) —-—Fa 2,5 RA
1 (1) Fa 6 DN
1 (8 VYyFy 7 Ul
1 (9 Fa—VyFy 8 prop taut
1 (10) 3Jx(Fz — YyFy) 9 EI
1 (11) 3FJx(Fz — YyFy) A —-Je(Fx — VyFy) 10,1 Al
g (12) -—3Jx(Fz — YyFy) 1,11 RA
o (13) 3u(Fz — YyFy) 12 DN



1 (1) —FJaVy(Fz — Fy) A
2 (2) -Fa A
2 (3) Fa—Fb 2 prop taut
2 (4) Vy(Fa— Fy) 3 Ul
2 (b)) TaVy(Fx — Fy) 4 EI
1,2 (6) daVy(Fz — Fy) AN—TaVy(Fx — Fy) 5,1 Al
1 (7)) ——Fa 2,6 RA
1 (8 Fa 7 DN
1 (99 Fc— Fa 8 prop taut
1 (10) VYy(Fc— Fy) 9 UI
1 (11) FaVy(Fz — Fy) 10 EI
1 (12) ZaVy(Fzx — Fy) A —JaVy(Fx — Fy) 11,1 Al
g (13) —-—JaVy(Fz — Fy) 1,12 RA
g (14) aVy(Fz — Fy) 13 DN
9. Vedy(Fx — Gy) F JyvVa(Fz — Gy)
1 (1) Vady(Fz— Gy) A
g (2) JyGyV-JyGy prop taut
3 3) FGy A
4 (4) Ga A
4 (5) Fb— Ga 4 prop taut
4  (6) Vz(Fr— Ga) 5 Ul
4 (7))  yVx(Fx — Gy) 6 EI
3 (8) JyWVa(Fzr — Gy) 3,4, 7 EE
9 (99 —-3IyGy A
10 (10) Fe A
1 (11) 3Fy(Fe— Gy) 1 UE
12 (12) Fe—Gd A
1012 (13) Gd 12,10 MP
10,12 (14) 3Gy 13 EI
9,10,12 (15) JyGy A ~JyGy 14,9 Al
9,12 (16) —Fc 10,15 RA
9,12 (17) Fec— Ge 16 prop taut
19 (18) Fc— Ge 11,12,17 EE
1,9 (19) Va(Fz — Ge) 18 UI
1,9 (20) JyVz(Fz — Gy) 19 EI
1 (21) JyVa(Fzr — Gy) 2,3,8,9,20 VE

10. F Va3dy(Rxy — VzRxz)
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dy—Ray V ~dy—Ray
Jy—Ray

—Rab

Rab — VzRaz
Jy(Ray — VzRaz)
Jy(Ray — VzRaz)
—dy—-Ray

—Rac

Jy—Ray

Jy—Ray A —3Jy—Ray
——Rac

Rac

VzRaz

Rab — VzRaz
Jy(Ray — VzRaz)
Jy(Ray — VzRaz)
Vady(Rry — VzRxz)
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Exercise 6.17

Vx(3zRrz — YyRzy), Jxdy - JaVyRzy

1 (1) Va(3zRzz — YyRzxy)
2 (2) dz3yRuoy
3 (3) JyRay
4  (4) Rab
4 (5) 3zRaz
1 (6) 3JzRaz— VyRay
1,4 (7)) VYyRay
1,4 (8) daVyRzy
1,3 (9) 3JaVyRzy
1,2 (10) daVyRxy

prop taut

A

A

3 prop taut
4 EI

2,3,5 EE

A

A

8 EI

9,7 Al

8,10 RA

11 DN

12 UI

13 prop taut
14 EI
1,2,6,7,15 VE
16 UI

=

4 EI
1 UE
6,5 MP
7 El
348 EE
2.3,9 EE

Question: Does it follow from these premises that VaVyRxy?

Answer: No. C a——b
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Chapter 7

Exercise 7.1

Here the proof is lengthened because of the strictness of the = rules. From a = ¢ and b = ¢,
we cannot immediately apply = E to get a = b.

1 (1) Javy(Py—y=ux) A

2 (2) PaAPb A

3 (3) VYy(Py—y=c A

3 (4 Pa—a=c 3 UE

3 (b)) Pb—b=c 3 UE

2 (6) Pa 2 AE

2 (7)) Pb 2 AE
23 (8) a=c 4,6 MP
23 (9) b=c 5,7 MP

@ (10) b=0b =1
23 (11) c=b 10,9 =F
23 (12) a=b 8,11 =E
1,2 (13) a=b 1,3,12 EE

1 (14) (PaAPb)—a=0b 2,13 CP

1 (15) VYy((PaA Py)—a=y) 14 UI

1 (16) VaVy((Px A Py) — z=1y) 15 UI

Exercise 7.2

1 (1) FaAVz(Fr—x=a) A

2 (2) Fb A

1 (3) Vae(Fr—az=a) 1 AE

1 4 Fb—=b=a 3 UE
12 (5) b=a 4.2 MP

6 (6) b=a A

1 (7) Fa 1 AE

g (8 b=b =I

6 (9 a=b 8,6 =E
1,6 (10) Fb 79 =E

1 (11) Fbeb=a 2,5,6,10 CPx?2

1 (12) Va(Fz<+ z=a) 11 UI

Exercise 7.3

(Representing informal claims using quantifiers and identity.) See text for discussion; any
logically equivalent formalizations receive full credit.
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Exercise 7.4

Let Lxy mean “x loves y”. Let a be the speaker and b the speaker’s baby.
Assume:

Vo Lzb A Yx(Lbr — x = a).

From the first conjunct, instantiate x := b to get Lbb. From the second conjunct, Lbb — b =
a. Hence b = a, so the speaker is his own baby.

Exercise 7.5
Let < be a partial ordering satisfying the Total axiom:
VaVy(z <yVy < x).

To show the Directed axiom: for all z,y there exists z with x < z and y < z.
Given x,y, by Totality either z <y ory < zx. If z <y, let z = y; otherwise let z = x. In
either case, z is above both x and y.

Exercise 7.6
Assume R is symmetric and transitive:
VaVy(Rry — Ryx), VaVyVz((Rxy A Ryz) — Rxz).

Assume also that R is serial: Vx3dy Rxy.
Fix a. By seriality choose b with Rab. By symmetry, Rba. By transitivity, Raa. Since a
was arbitrary, Vo Rrx.

Exercise 7.7

(Group-theoretic consequences of A1-A3.)

1. Inverses are unique.
2. Inverse is involutive.

3. Inverse is anti-multiplicative.

(Proofs as in text.)

Exercise 7.8

Assume f is one-to-one but not onto. Then there exists a such that Vaz(f(z) # a). The
elements a, f(a), and f(f(a)) are pairwise distinct. Hence there are more than two objects.
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Exercise 7.9

Let A = {ay,a2} and B = {by,b2}. Then A x B has exactly four distinct ordered pairs.
Hence |[A x B| = 4.

Exercise 7.10
By definition,

Dx A={(z,y) |z €ebrye A} =0.

Exercise 7.11

For any z,

(ho(ge f))(x) =h(g(f(x))) = ((hog)o f)z)

Hence function composition is associative.

Exercise 7.12

1. Associativity of addition.
Define

p(z) = VaVy(z + (y+2) = (x+y) + 2).

We prove Vz ¢(z) by induction on z.

Base case. By two applications of P3,
y+0=y and (x+y)+0=z+y.
Hence
t+y+0)=z+y=(z+y)+0,

so ¢(0) holds.
Induction step. Let a be arbitrary and assume ¢(a), i.e. x + (y +a) = (r +y) + a. Then

z+y+(a+1)=z+((y+a)+1) P4
=+ (y+a)+1 P4
=((z+y)+a)+1 assumption,= F
=(z+y)+(a+1) P4

Thus ¢(a + 1) holds, and by induction, PA F VaVyVz(z + (y + 2) = (z + y) + 2).

27



2. Commutativity of addition.
We prove PA - VaVy(zx +y =y + x).

First note that PA + Vy(0+y = y), by induction on y. The base case is immediate from
P3, and if 0 + y = y, then

O+(y+1)=0+y)+1=y+1

by P4.
Now define ¥ (x) = Vy(x + y = y + =) and prove Vz ¢(x) by induction on z.

Base case. For all y, we have
O+y=y and y+0=y

by the preceding lemma and P3. Hence 0 4+ y =y + 0.

Induction step. Assume Yy(x +y =y + x). We show Vy((z +1)+y =y + (x + 1)) by
induction on y.

For y = 0,
(x4+1)+0=2+1=0+ (z+1).
Assume (x+1)+y=y+ (z+1). Then

(z+1D)+@y+1)=((z+1)+y)+1 P4
=(y+(xr+1))+1 assumption,= F
=(y+1)+(x+1) P4

Thus Vy((xr + 1) +y =y + (x + 1)), completing the induction.
3. PAFO0#1.

By the successor axiom, PA F Vz(x + 1 # 0). Instantiating z = 0 gives 1 # 0, hence
0+#1.

4 PAF1+1+#1.
Suppose 1 + 1 = 1. By P4,

141=(1+0)+1=1+1,

so this equality implies 2 = 1, i.e. (1 + 1) = 1. By injectivity of successor, this would
imply 1 = 0, contradicting part (3). Hence 1+ 1 # 1.
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5. Cancellation for addition.
We prove
PARYaYVYWz(z+z=y+2z—x=1y)
by induction on z.
Base case. If t +0 =1y + 0, then z = y by P3.
Induction step. Assume VaVy(x +z=y+z — o =vy). Suppose z+ (z+1) = y+ (2 +1).
By P4,
(x+2)+1=(y+2)+1L
By injectivity of successor, x + 2z = y + 2, and by the induction hypothesis, x = y.
6. Associativity of multiplication.
We prove
PAFVaVyVz(z- (y-2) = (z-y) - 2)
by induction on z.
Base case. Since y -0 =0 by P5,
r-(y-0)=2-0=0=(xz-y)-0.
Induction step. Assume - (y-z) = (z-y)-z. Then
- (y-(z+1)=2-(y-2+y) PO
=x-(y-z)+x-y distributivity
=(x-y)-z+x-y assumption,= E
—(@y)-(:+1) PG

7. Commutativity of multiplication.
We prove
PAEY2Vy(z-y=y-x)

by induction on y.
Base case. By P5 and a separate induction, x -0 =0=10"- z.
Induction step. Assume x -y =y -x. Then
r-(y+1)=x-y+x P6
=y-x+x  assumption,= F

—(y+1)-z PG

Thus multiplication is commutative.
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Exercise 7.15

We work in a language with one binary function symbol o and assume:

Bl. VaVyVz(z o (yoz) = (zoy) o 2)
B2. VaVz3ly (zoy = 2)
B3. VaVz 3w (wox = 2)

1. Prove VaVz((z oz =1) = Vy(yoz =y)).
Assume z o z = z. Let y be arbitrary. By B3 (with x fixed and z := y), choose w such
that wox =y. Then

yoz = (wox)oz = wo(roz) = wox = y,

where we used B1 in the second equality and the assumption x o z = x in the third. Since
y was arbitrary, Vy(y o z = y).
2. Prove 3lyVa(zoy = z).

By B2 (with x := a and z := a), for any fixed a there is a unique y with aoy = a. Let e
be that unique object. By (1), from aoe = a we get Vaz(x oe = ). This shows existence.

For uniqueness: suppose Vz(z oy = x) and Vax(z oy’ = z). Then yoy = y and also

yoy =y (using Vz(r oy = x) with x := y). By B2 applied to = := y, z := y, the

equation y ot = y has a unique solution ¢. Both ¢t = y and ¢t = ¢/ satisfy it, hence y = ¢/'.
3. Define a name e for the unique y whose existence you just proved.

(Definition) Introduce the constant symbol e by the defining axiom

Vu(u = e <> Vo(zou = 1)).

4. Prove Vo (z = e <> (zoz = 1)).
(=) If x = e, then by definition Vt(t o e = t), hence eoce =€, s0 rox = x.

(<) Assume z oz = x. Then applying (1) with z := z gives Yy(yox = y), i.e. z is a
right-identity. By uniqueness in (2), x = e.

1

5. Since Vz3ly(z oy = ¢), define a function symbol ! such that Va(z o 7! = ¢).

By B2 with z := e, for each = there is a unique y with x oy = e. Introduce a unary
function symbol ~! by the defining axiom

Vx(x ox ! = e).
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1 1

or)o(zlox)=2x"!

6. Prove Vz(z~ ! ox =¢). (Hint: use (z~ ox.)

1

Let t := 27! oxz. We show t ot = ¢. Using associativity (B1) twice and z o x~! = e from

(5),

tot=(z tox)o(x!

ox)=1a"'o(zo(z tox)) =2 o((zox ") ox) =z o(eon).

Now, by B3 (with z := z and z := z) there is a unique w such that woxz =x. But eox
also satisfies (eox)ox =eco(rox)=eox, so eox is a left-solution of w oz = x; hence
e o x = x by uniqueness. Substituting back gives

1

tot=x'o(eox)=alox =t

By (4), from tot =t we infer t = ¢, i.e. v oz =e.

7. Prove Vz(e oz = x).

Fix z. By (6), 27! o x = e. Multiply on the left by z and use B1:
vo(ztox)=(roxr Hoxr=coux.

But zo(x tox)=(rox t)oxr =eouz, and also rox™ = e by (5), so the left-hand side
equals e o x; hence e o x = z. Since x was arbitrary, Vz(e o x = x).

Chapter 8
Exercise 8.1
1. Countermodel M;:
Dy = {a, b}, M= {p}, M = q.
Then M, F JxFz (witness b), but M; ¥ Fe.
2. Countermodel M:
Dy = {a, b}, FM2 — fq}, M =g,
Then M, E Fe, but M, ¥ Vo Fz (since b ¢ FM2).
3. Countermodel Msj:
Dy ={a,b}, FM ={a}, G ={p}.

Then M; E JxFz A JxGx, but M3 ¥ Jx(Fz A Gz).
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10.

Countermodel Mjy:
Dy={a,b},  FY={a}, G ={b}.

We have VzFx false and VaGz false, so My F (VeFr — VaGz) (false — false is true),
but for z = a we get Fa A =Ga, so My ¥ Vx(Fr — Gz).

Countermodel M5:
Ds=1{a}, FY=g2,  HY ={a}.

Then for the only element a, Fa is false, so Fa — Ha is true; hence M5 F Vo (Fx — Hzx).
But M5 ¥ deFx and M5 F dxHx, so My F dxFx vV —deHx.

Countermodel Mg:
Dg={a}, FY=g, =0

Again Fa is false, so Fa — Ga is true; hence Mg F Vo(Fx — Gr). But FMsnGMs = &,
so Mg ¥ Jx(Fz A Gz).

Countermodel My:
D7 ={a, b}, FMr = {a}, GM = {a,b}, HY" = {b}.

Then a witnesses Jz(Fx A Gz), and b witnesses 3x(Gz A Hz). But there is no element
in FM1 N HM7 so My ¥ 3x(Fz A Hrx).

. Countermodel Ms:

Dg = {a, b}, FMs = {a}.

Then Mg ¥ VoFz (since b ¢ FMs) and Mg ¥ Vz—Fz (since a € FMs). Hence Mg ¥
VeFx VVr-Fz.

Countermodel My:

Dy = {a,b}, F™={a,b}, G"™={a}, H" =0
Then:

My F Jx(Fr — Gz) (take z = a, Fa — Ga is true),

My E Jx(Gxr — Hx) (take x = b, Gb is false so Gb — Hb is true),

My ¥ 3x(Fx — Hzx) since for both a,b, Fz is true and Hz is false,

so F'o — Hux is false everywhere.

Countermodel Miy:

D10 == {CL, b}, FMlO == {CL}, GMIO = J.

Then My F Jz(Fr — Gx) (take o = b, where Fb is false), while 3xFz is true (witness
a) and JzxGz is false. Hence Mo ¥ JxFr — JxG.
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Exercise 8.2

Let M be an interpretation and let ¢, have (at most) the free variable z. Recall that
(o =) ={ae M :ifa € then a € v }.

So (¢ — )M = M iff for every a € M, a € ™ implies a € ¥, which is exactly ¢ C M.
¥

Exercise 8.3

1. VeFx — P ¥ Ya(Fz — P).
Countermodel M;:
D = {a,b}, M ={a}, PY=0.
Then VaFx is false (since b ¢ FM), so
(VeFr — P)Y = (0 = 0) = 1.
However,
(Fb— P)" =(0—0) =1, (Fa — P)Y = (1 —0) =0,
so Va(Fz — P) is false. Thus the premise is true and the conclusion false in M;.
2. Jz(Fx — P) ¥ JxFx — P.
Countermodel Ms:
D = {a,b}, FM = {a}, PM =0,

In this case, (Fb — P)M2> = (0 — 0) = 1, so Jz(Fz — P)M> = 1. But (Fa)M =1, so
(JxFz)M2 =1 and (JzFz — P)M2 = (1 — 0) = 0. Hence the premise is true while the
conclusion is false in Ms.

Exercise 8.4

In the given structure, o is addition mod 3 on {0, 1,2} (since 202 = 1). An idempotent is
an element e such that e o e = e. Checking:

000=0, lol=24#1, 202=1#2.

So the unique idempotent is 0.
The inverse function ¢ satisfies z 0i(z) = 0 = i(x) o z. In Zj this is just additive inverse:
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Exercise 8.5
No: T does not imply commutativity. Let M be the set of permutations of {1, 2, 3}:
M = {id, (123), (132), (12), (13), (23) }.

and interpret o as composition of permutations. Then o is associative, and for any fixed
a € M the maps y — aoy and y — y o a are bijections of M, so the required left- and
right-transitivity clauses of 7" hold. But o is not commutative; for example,

(12) 0 (23) = (123) # (132) = (23) o (12).
Hence T' ¥ VaVy(z oy = y o x).

Exercise 8.6

Suppose R is symmetric and transitive and total (for distinct elements), and assume also
that R is antireflexive, i.e. Vx ~Rxx. Pick distinct a # b in the domain. By totality, Rab
or Rba; by symmetry, in either case we get both Rab and Rba. Then by transitivity, from
Rab and Rba we infer Raa, contradicting antireflexivity. So there is no such relation on any
domain with at least two elements. (If “total” is taken to mean VaVy(Rxy V Ryzx), then
taking = = y already forces Rxx, contradicting antireflexivity on any nonempty domain.)

Exercise 8.7

1. VaVy(Rzxy — Ryx)

True model (symmetric):

False model (one-way arrow):

2. VaVy3z(Rzz A Ryz)

True model (common successor « for everyone):

(For any z,y, choose z = a.)

False model (no common successor for a, b):

G o

(For © = a,y = b there is no z with both a — z and b — z.)
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3. JaVy(Ryx — Ryy)

True model (choose = = a with no incoming arrows):

@ T

(No y satisfies y — a, so Ryx — Ryy holds vacuously for all y.)

False model (every z has an incoming arrow from a non-reflexive y):

O~

(No loops, so Ryy is always false; but each node has an incoming arrow.)

4. Vz(Jy Ryx — Vz Rzx)

True model (empty relation):

@ ®

(Each antecedent Jy Ryz is false, so the implication is true for all z.)

False model (some x has an incoming arrow but not everyone points to z):

(Take x = b: Jy Ryb holds (witness a), but Vz Rzb fails since b /4 b.)

5. Jz3y(Rxy < —~Ryy)
True model (take z = a,y = b):

(Here a — b is true and b — b is false, so = Rbb is true and the biconditional holds.)

False model (universal relation on {a,b}):

(For every y, Ryy is true, hence —Ryy is false; but Rxy is always true. So Rzy <> = Ryy
is false for all z,y.)

Exercise 8.8

Yes, it is consistent. Let the domain be Z and interpret R as the strict order <. Then Rzx
is never true, so " Rxx holds for all z. Given any x € Z, choose y = x — 1. Then x < y is
true, and for all z: if y < z then certainly x < z (since z < y < z), so (Ryz — Rxz) holds.
Thus Vo3yVz(—~Rzx A Rxy A (Ryz — Rxz)) is true in this model.
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Exercise 8.9

Two examples of sentences true in (N, <) but not consequences of the theory of partial
orders:
(1) “There is a least element”:

JzVy (z < y).

True in (N, <) (take z = 0), but false in (Z, <), which is a partial order.
(2) “The order is total”:

V:r;‘v’y(xﬁy vV ygx).

True in (N, <), but false in a poset with incomparable elements, e.g. a two-element antichain
where neither element is < the other.

Exercise 8.10

Let M be any interpretation.
(a) [z,y : x = y]M is the set of pairs (a,b) € M? such that a = b, i.e. the diagonal:

[z,y:2 =y ={(a,a) :a € M} C M?.

(b) [z : @ = x]™ is the set of @ € M such that a = a, i.e. all of M:

Exercise 8.11

Attempting to mimic the proof for JzVy(Fx — Fy) breaks down in the case where F'™ is
neither empty nor all of M.

Indeed, take a countermodel: let the domain be {a,b} and let FM = {a}. Then Fa is
true and F'b is false, so (Fa — Fb) is false. Hence

VaVy(Fz — Fy)

fails in this interpretation. Concretely, the universal quantifiers force us to check the pair
xr =a,y = b, and at that point the implication is false.

Chapter 9

Exercise 9.6

Suppose that ¢ is true in an even number n of rows of its truth table. Then -y is true in
4 — n rows of its truth table, and 4 — n is also even.
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Suppose that both ¢ and 1 are even. Let’s say that row r is an agreement row if ¢ and
1 have the same truth value on r. We will show that there cannot be 1 or 3 agreement rows.
Suppose that there is a single row where both sentences have value a. Since ¢ and v are
even, a must occur on another row in each of their truth tables. If these rows are not the
same, then there are two of them, which leaves a single remaining row. In that row, both ¢
and ¢ must have value 1 — a, and so they agree there.

Suppose now that there are three rows where both sentences have the same value, and
let » be the remaining row. Since three is odd, one of the two truth values a must occur
most frequently on these rows. If a occurs twice and 1 — a occurs once, then 1 — a must be
the value of both ¢ and ¥ on row r. If a occurs three times, then a must be the value of
both ¢ and ¥ on row r. In either case, ¢ and i agree on row r.

Exercise 9.7

No, the set {—, <>} is not truth-functionally complete. There is a binary truth-function that
has output a single 1 and three 0. For example, take the sentence P A ). By Exercise 9.6,
every sentence in the set I' generated from P, @Q and {—, <>} has an even number of 1 in its
truth table. Therefore, there is no sentence in I' that is provably equivalent to P A Q.

Exercise 9.12

Suppose that ¢ is contingent, and let Fp,..., P, be a list of the atomic sentences that
occur in . Since ¢ is contingent, there is a valuation v such that v(p) = 0. Let L
be an arbitrary contradiction, and let T be an arbitrary tautology. Define F(P;) = T if
v(P;) =1, and F(P) = L if v(P;) = 0. We claim, then, that the substitution instance
F(p) is inconsistent. Let w be an arbitrary valuation. For any P;, w(F(FP;)) = w(T) =1
if v(P;) =1, and w(F(F;)) = w(Ll) =0if v(P;) = 0. So w(F(-)) and v(-) agree on atomic
sentences. But w(F(+)) and v(-) are both truth-functional, so they agree on all sentences.
Therefore, w(F(¢)) = v(¢) = 0. Since w was arbitrary, F(¢) is an inconsistency.

Exercise 9.14

1. As a warmup, we will show that all occurences of — can be eliminated from valid proofs,
along with all uses of MP and CP. Define a function f from sentences to sentences as
the identity on atomic sentences, then extend by commuting with A, V, -, and by setting
fle = ) = =(f(¢) A=f(¥)). We now show that any proof of ¢1,..., ¢, b 1 can be

converted to a proof of f(p1),..., f(¢n) = ().
Here’s a way to simulate CP. Suppose first that ¢ is assumed, and that 1 is derived with
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dependencies A. We can then continue in this way:

11 (1) e A
Al(2) Y
313 |en—w A
3 (4) | 3 NE
A3 (B) [ LAY 2,4 N1
A3 1(6) | = 1,5 RA
31(7) | 3 NE
A3 (8) | A 7,6 N1
AT (9) | —(pA—1) | 3,8 RA

Here A’ = A\ {1}, so that line 9 reproduces the effect of CP on lines 1 and 2.

Now we can simulate MP.

)| ~(en—y)
Al(2) e
31(3) | A
A3 (4) ]| AN 2,3 N1
CoA 31 (B) [ (p A=) A=(p A=) | 4,1 AT
LA | (6) | = 3,5 RA
LA (7)o 6 DN

2. We need to show that any application of RA can be simulated by the other rules. Suppose
that we have the following lines

1 (1y P A
A (2) QAQ

We need to show that we can derive the line
A" (¢) =P

without using RA. We first derive A’ = P — =P as follows:
1 (1) P A
A (2) QAN-Q
A 3) @ 2 AE
A (4) P—=Q 1,3 CP
A (5 —Q 2 NE
A (6) -—P 4,5 MT
A (1) P—-P 1,6 CP

The proof that = (P — —P) — —P is Exercise 3.1.10, plus one step of CP. Put those
two together and A’ = =P follows.

38



3. We show that the DN introduction rule can be reproduced from the other rules.

1 (1) P A
2 (2) =P A
1,2 (3) PA-P 1,2 Al
1 (4 =P 2,3 RA
4. We show that MT can be reproduced from the other rules.
1 (1) P—=Q A
2 (2) -Q A
3 (3 P A
1,3 4) @ 1,3 MP
1,23 (5 QA-Q 4,2 N
1,2 (6) =P 3,5 RA

5. Redefine the truth-table for Vv as follows:

P Q|PVQ
1

1 1

1 0 1
0 1 1
0 0 1
In other words, PV @ is constantly 1, regardless of the input. Since none of the inference
rules besides VE uses a disjunction as a premise, those rules are truth-preserving relative
to the new truth tables. We claim now that those rules cannot prove PV P = P. Consider
the rows of the (new) truth-table in which P is 0. In this case, PV P is 1, but P is 0.

Hence PV Pt P is not truth-preserving relative to the new truth tables, and it cannot
be proven by those rules.

6. If we read this problem literally, then it admits trivial solutions. For example, we we
permit “nand” statements to be inferred only from contradictions, and if permit only
tautologies to be inferred from “nand” statement, then the resulting system of rules is
sound. However, the spirit of this problem is to provide intro and elim rules for 1 that
capture the meaning of the connective.

NAND-Introduction (1I)

If A together with P and ) imply L, then A implies P 1 Q.

a (a) P A

b (b)) @ A

A () L

A (d) PTQ a,b,c 11

where A" = A — {a, b}.
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NAND-Elimination (1E)

From P 1 @, together with P and @, infer L.

I (@ P1Q
A () P
X (o @
LAY (d) L a,b,c TE

Falsum-Elimination (LE)

For the 1 rules to do enough, we need to add a 1 -elimination rule.
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